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INTRODUCTION 
Let k be a field and let Lyl ,..., X, (m 3 2) be n X IZ generic matrices over k. 
That is, X, = (x&), where the x$ are mn2 independent commuting indeter- 
minates over k. Thus Xl ,..., X;, lie in the ring of n x n matrices over the 
polynomial ring K[x&]. The k-subalgebra R of M,(k[x$]) they generate has a 
classical division ring of fractions D which can be obtained by inverting the 
determinants of the nonzero elements of R. D is a subring of M,(k(x$)). 
For n = 1, 2, 3, the center C of D is a rational function field over k[2, 51. 
The main result of this paper is that C is also rational over k in the case of 
4 X 4 generic matrices. 
The proof is based on the description of C in [2] as the fixed field of S, , 
the symmetric group on four letters, acting on a certain rational function field 
over k. This description is given in Section 1. The action of S, is really an action 
on a free Abelian group A = <a, ,..., a,) which induces an action on the function 
field k(a, ,..., a,) for which the fixed field is C. A number of techniques have 
been developed for studying this kind of group action (see [3]). One of these says 
that k(bJ”4 is rational over k(@ whenever A = (a, ,..., a,;, is a faithful S,- 
submodule of B = (6, ,..., 6,) such that B/A is a “permutation module” over 
S,-that is, a free Abelian group acted on by S, and having a Z-basis permuted 
by S, . In the present problem, this makes it possible to reduce an action on 
17 variables to an action on 3 variables. 
The proof will be presented in such a way that generators of C = k(A)Sd are 
given explicitly. Aside from the usefulness of having explicit generators, I felt 
this was the clearest way to present the proof. 
The rationality of C has various consequences and can be interpreted in several 
ways. For these consequences and a bibliography of the basic literature on the 
ring of generic matrices the reader is referred to [2]. A recent paper of Snider [6] 
is also relevant. A survey of the literature on fixed fields of finite groups acting 
on function fields (Emmy Noether’s problem) can be found in [3]. 
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1. THE CENTER AS A FIXED FIELD OF S, 
We begin with the description of the center of the generic division ring 
given in [2]. Let 
be free Abelian groups on the indicated generators, written multiplicatively. 
The symmetric group S, acts on B, U, and V by 
o(q) = q(j) . 4Yu) = YdiMd > 
44 = U,(i) 9 u(v) = v. 
Define &-homomorphisms 01: B ---, U, /3 : U + V by 
cx(Xi) = 1, cd(Yi,) = uiu;l, 804) = v, 
and let -4 = ker 0~. Then the following is an exact sequence of $-modules 
l-+A+B:U~V+l1. 
A is free Abehan of rank n2 + 1 and is generated by x1 ,..., X, and all monomials 
in the yzj of the form 
For k a field, let k[A] be the group ring of A over k, and let k(A) be the field 
of quotients of k[A]. k(A) is a rational function field of transcendence degree 
n2 + 1 over k, and the action of S, on A induces an action of S, as a group of 
k-automorphisms of k(A). 
THEOREM I. Let k be a $eld, and let Xl ,..., X, (m > 2) be n x n generic 
matrices over k. Let D, = k(X, ,..., X,,,) be the generic division ring they generate, 
and let C, be its center. Then 
(1) [2, Theorem 31 If m = 2, C, = C, is k-isomorphic to thejixed$eld of S,, 
acting as above on 12(-q). 
(2) [5, p. 2551 If m > 2, C, is a rationalfunctionfield over C, of transcen- 
dence degree (m - 2)n2. 1 
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2. G-LATTICES AND PERMUTATION MODULES 
A number of techniques have been developed which can be applied to the 
explicit problem we face. These stem from the work of Masuda [4], Endo and 
Miyata [1], Swan [7], Voskresenskii [8, 91, and Lenstra [3], and can be found in 
[3, pp. 301-3051. Reference [3] also contains an excellent bibliography on the 
topic of finite groups acting on rational function fields. 
DEFINITION. Let G be a finite group. A G-lattice is a G-module which is a 
finitely generated free Abelian group. A G-lattice is a permutation module if it 
has a Z-basis which is permuted by G. (G-lattices will be written multiplicatively.) 
Suppose that L is a field on which G acts, and M is a G-lattice. The actions 
of G on L and M induce G-actions on L[M], the group ring of 111 over I, and on 
L(M), its field of quotients. 
DEFINITION. If K is rational over L we will say that sr 1 .. . . s, E K form a 
rationality base for K over L if K = L(x, ,..., x,.) and x1 ,..., s, are algebraically 
independent over L. 
In the sequel we will repeatedly invoke the following observation without 
comment: If K has transcendence degree Y over L and x1 ,..., s, generate K 
over L, then K is rational over L and x1 ,..., x,. form a rationality base for K 
over L. 
THEOREM 2 [4, 3, (1.4), p. 3031. Let L be a jield on which the finite group G 
acts faithfully, and suppose that M is a permutation module over G. Then L(M) 
has a rationality base over L consisting of G-invariant elements. In particular, 
L(M)G is rational over LG. a 
Remark. When we apply Theorem 2 it will always be possible to choose the 
rationality base as follotvs. Let {m, ,. . . , m,.} be a Z-basis for M which is permuted 
by G. In our examples we will be able to choose oc, ,..., 01~ EL which are permuted 
by G like m, ,..., m, . Let 
n, = ml + ... + m, , 
n, = alrnl + .** + qm, , 
n,-, = aT-‘ml + ... + aF-lrnr. 
Since the Vandermonde determinant 
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is nonzero, m, ,..., m, and n, ,..., n, have the same linear span over L. Hence 
n, ,..., n, form a rationality base of G-invariant elements for L(M) over L. The 
following theorem is a slight variant of the one referred to, and is proved in the 
same way. 
THEOREM 3 [3, (1.5), p. 3041. Let I, be a field on which theJinite group G acts 
(possibly not faithfully), and suppose that 
1s an exact sequence of G-lattices, with P a permutation module. Suppose that G 
acts faithful& on L(M). Then 
(1) 1 +L(M)*+L(M)* . N+ P-t 1 
is exact, and splits as a sequence of G-modules. (L* denotes the multiplicative group 
of nonzero elements of L.) 
(2) The splitting gices rise to a rationality base of G-invariant elements for 
L(N) over L(M). 
(3) L(Ar)G is ratzonal ozler L(M)G. 1 
3. REDUCTION TO A RANK 3 SUBGROUP OF -4 
We now specialize to the concrete problem of showing that the center C of 
the generic matrix ring D = h(X, , X2) generated by two 4 x 4 generic matrices 
over R is a rational function field of degree 17 over k. By Theorem 1, C is k- 
isomorphic to the fixed field of S, acting as a group of k-automorphisms of 
K(R), where A4 is the S,-lattice of rank 17 over Z generated by *rr ,..., xq and all 
monomials in the variables yij (1 < i, j < 4) of the form 
Let 
Yi&Yz& ..* Jr,,, (q 2 1). 
p = (x1 > x2 , x3 ) ,x4:‘, 
Q = (Yll Y Y22 , Y33 > Y44), 
-‘jll = <Y12Y21 , Y13Y31 , Y23Y32 9 Y14Y41 7 Y24Y42 3 Y34Y43 t 
Y12Y23Y31 9 Y13Y34Y41 , Yl4Y42YPd. 
Direct calculation shows 
LEMMA 4. (1) P, Q, and A, are free ilbelian groups on the indicated generators. 
(2) A = A, @ P @Q, a direct sum of S,-lattices. 
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(3) P and Q are isomorphic to the standard permutation module of S, acting 
on four points. 
(4) A, is generated as an S,-lattice by yrzyzl and y12y23y31 . 1 
Let 
U = (ul, u2 , ua , uq) = standard permutation module of S, . 
T = (tl , t, , t3) = standard permutation module of Ss made into 
an S,-module via the isomorphism S, g S,/V, . 
V = <v) = trivial S,-module of rank 1. 
Define an abelian group homomorphism 
cp:A,@V+U@T 
by 
YlZY21 - w2ht2 ) YlZY23Y31- ul"2u3tlt2t3 I 
Y34Y43 - u3"4tltz ) YlZY34Y41- ul"3u4tlt2t3 9 
Y13Y31 - u1U3tlt3 ) Yl4Y42Y21- U1U2U4tlt2t3 ) 
Y24Y42 - U2U4tlt3~ v -+ u&?u,u,t,t,t, 9 
Y23Y32 -+ u2U3t2t3 9 
Yl4Y41 - w4tzt3 . 
Let 
a1 = Y23Y34Y42 
Y24Y43Y32 ' 
a2 
a 
3 
= Yl2YZ4Y41 
Y14Y42Y21 
, a4 
A2 = (al , a2 , a3 , a4>. 
Again, direct calculation shows 
LEMMA 5. (1) A, = ker QJ, and 
Yl4Y43Y31 
Y13Y34Y41 ’ 
Y13Y32Y21 
YlZY23Y31 
l+A,-+A,@V%U@T+l 
is an exact sequence of S,-lattices. 
(2) a,%a,a, = 1, A, is free Abelian of rank 3, and {a, , a2 , a3) is a Z-basis 
for A, . 
(3) The action of S, on A, is given by 
44 = add if UEA, 
= (a,d-’ if o$A,. I 
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Note that (ur + a~~),..., (a4 + a;‘) are four distinct elements of K(A,) < K(A,) 
which are permuted in the standard way by S, . Hence if we apply Theorem 2 
(with L = k(A,)) to 
44 = 44 0 p 0 Q) = &%)(x1 ,*.a, x4 1 Yll ,..., y44) 
we obtain 
LEMMA 6. k(A) = k(A,)(X,, , Xl, X2, X3, Y,, , Y, , Yz , YJ, where 
xi = c (Uj + ql)ixj, 
and 
Yi = c (Uj + ql>iyjj 
are elements of k(A) jixed by S, . 1 
We next apply Theorem 3 to the exact sequence of Lemma 5. It simplifies 
notation to replace Y by (X,,> at this point so that we remain inside k(A). Thus 
the exact sequence becomes 
~+A,-+A,@<X,)~U~TT~, 
where p)(X,J = u,u,u,u,t,t,t, . Theorem 3 asserts that the exact sequence of 
S,-moduIes 
1 + k(A,)* + k(A,)* * (A, @ (X0)) % U 0 T --+ I 
splits, where now p sends k(A,)* to 1 and acts as before on A, @ (X,,). We now 
construct a splitting map. Let 
Ul = (Y24Y43Ys2 + Y23Y34Y4PXo = (1 + %-1(Y,4Y4,Y,,)-1T-l > 
us = (Y13Y34Y41f Y14Y49Y31)-1xo = (1 + %F1(Y,,Y,4Y4,)-1-Tl , 
us = (Y14YazYz1 + Y12YzrY41)-1xo = (1 + %)-1(Y14Y4,Y,,)-1Kl ? 
u4 = (Y12Y23Y31+ Y1aY32Y21)-1xl = (1 + %-l(Y,,Y,,Y,,)-lXo > 
Tl = (Y13Y34Y42Y21 + Y12Y24Y43Y31KT1 
= (1 + Pzu,)(Y13Y34Y41)(Y1*Y42Y21)(Y14Y4~)-1x~1, 
Tz = (~21~14~43~31+ ~23~34~41~xJX;~ 
= (1 + u,a,)(Y,,Y,4Y4,)(Y,4Y4,Y,*)(y,Y4,)-1x~1, 
Ts = (~32~24~41~13 + ~31~14~42~23)X$ 
= (1 + a,a,)(Y,y,Y4,)(Y,4Y4,Y,,)(Y,Y4,)-fx~1. 
481/62/2-5 
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LEMMA 7. Let p(uJ = U, , p(tj) = T, . Then p dejines an S,-module homo- 
morphism 
such that q~p: U @ T---f U @ T is the identity map. 
Proof. Direct calculation shows that p is an S,-homomorphism and the 
right-hand terms of the equations defining the Ui, Ti show that they lie in 
K(A,)* . (A, @ (X0)). Furthermore, 
and similarly p( Vi) = zli , p( T,) = tj for all i and j. Hence p)p is the identity 
map. I 
LEMMA 8. k(A,)(&) =k(A,)(U, , u, , us, u, , Tl, T, , Ts). 
Proof. Let L = k(A,)( Ui , TJ. By inspection, K(A,)(X,) 3 L. For the 
opposite inclusion, note that 
X0 = (1 + v&Y1 + wl)-V + w~-~T~TJ’~ 
( 
fi (1 + ai)Ui 
1 
, 
i=l 
so X0 EL. But then the right-hand terms of the equation defining the U, show 
that all monomials 
YzlYjkYki (i#j#k#i) 
lie in L. Given that they lie in L, the right-hand terms of the equations defining 
the T, show that all monomials ytiyji (i #j) lie in L. But these two kinds of 
monomials together generate A, , so K(A,)(X,,) <L. 1 
Combining Lemmas 6 and 8 shows that 
k(A) = &%)(X, , Xl, x2, x, , y, , Yl , yz , YJ 
= W&W, 9 X, , A, Yo 2 Yl, Yz 9 Ys , VI, Us, us, u, , Tl, T, , TJ- 
The action of S, on these variables is as follows: 
S, fixes the Xi and Yj . 
(U, , U, , U, , U,> s U, the standard S,-module. 
( Tl , T2 , T3) s T, the standard Ss g S,l U,-module. 
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Let 
& = a1u4 + u2"3 = ala, + ($a4)-l, 
B2 = a2"4 + (1103 = a2a4 + (a2a4)-l, 
rB3 = u3u4 + ala2 = a3a4 + (u3u4)-1. 
/3r , /3e , p3 are permuted like Tl , T, , T3 by S, , so if we set 
zi = i (UP + u,‘)“U, (i = 0, 1,2, 3) 
P=l 
Wj = i ,k$,iTp (j = 0,1,2) 
P=l 
and invoke Theorem 2 and the subsequent remark, we see that {Ui , Tj> and 
(Zi , Wi} have the same linear span over K(A,). Since the .& , Wj are fixed by S, , 
we finally have 
THEOREMS. ~xl~x2,x3~y,,y,,y2~y3,z,,z,,z2,z3,~,,~l,~2} 
is a rationality base for k(A) over k(A,) consisting of elements jixed by S, . Hence 
it is a rationality base for K(A)Sa over k(A2)% In particular, k(A)S4 is rational 
over h(AJS4. 1 
4. k(AJs4 IS RATIONAL OVER K 
In view of Theorem 9 it remains to prove that K(A,)Sa is rational over K. 
The following lemma is needed in the course of the proof. 
LEMMA 10. Suppose char k + 2 and that S, acts on k(R, , R2 , R3) by 
Let 
44 = R,(i) if aEA3 
=- R o(2) if a$A3. 
a = R, -t- R2+ R,, b = R,R, + R,R, + R&l , 
c = RlR,R3, d = (4 - RWG - RJ(R3 - 4). 
Then k.(R, , R, , R3)s3 = k(b/u2, c/u3, d/u2). 
Proof. It is classical that 
K(R, , R, , R,)A3 = k(u, 6, c)[d] = K(b,‘u2, c/u3, d,‘u2)[u]. 
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Since u = (12) fixes b/a2, c/a3, dla2, and sends a to -a, 
(WW, 4a3, d/a”)[al) <(12)> = k(b/a2, c/a3, d/a2)[a2]. 
But (d/a2)2 = a2[(b/a2)2 - 4(b/a2)3 - 4(c/a3) + 18(b/a2)(c/a3) - 27(c/a3)2]. Hence 
k(Rl , R2 , R3)Sa = k(R, , R, , R3)<A3*(12)> = k(b/a2, c/a3, d/a2). 1 
We now return to k(A,). Recall (Lemma 5) that 
A2 = (a, , a2 , a3 , a4 I ala2a3a4 = 1) 
is free Abelian of rank 3, and that S, acts as a group of k-automorphisms of 
W2) bY 
44 = add if UEA~ 
= (ad,P if a$A4. 
In the course of determining k(A2)S4 we will also make use of the usual action of 
S, on k(A,). To avoid confusion we will call this group Z4 and we will ‘introduce 
the automorphism 0 of k(A,) defined by 
8(a,) = a;‘. 
S, and .Z4 have the alternating group A, as a common subgroup, and 
S4 = <A4 > (W, z4 = <A47 (WC 
<S4 , 0) = G4 > 0) = G44, (1% 0. 
Note that with these conventions, a = (12) E S, and 06 = (12)8 E ,Z4, and 
they act on A, by 
44 = (a,(iP, (4(4 = a,(i) - 
We will also let S, and Z3 denote the subgroups of S, and Z4 , respectively, which 
send a4 to a:‘. 
We will work with the following diagram of fields, where 
L = k(A2) = k(a, , a2 , a3, a4 I a,a,a,a, = I). 
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Let 
D = al + a2 + a3 + a4 , 
E = c {a,aj ) 1 < i < j < 4}, 
F = c {aia,ak / 1 < i < j < R < 4) 
= a;l + a;l + ai1 + ail, 
P, = D+F D+F 
ala4 + a2a3 + 2 = (ala4 + l)(a2a3 + 1) ’ 
P, = D+F 
+a4 + ala3 + 2 ’ 
P3 = DS-F 
a3a4 + ala2 + Ii- ’ 
LEMMA 11. (1) L24 = k(D, E, F). 
(2) L “’ = WA E, F)[P, , P2 , P31 = W’, > P2 , f’,)[Q E, Fl. 
(3) L”+” = L-*” = k(D + F, DF, E). 
Proof. (1) and (2) are facts from the classical solution of the quartic equation. 
(3) follows from (1) by observing that 0 interchanges D and F and fixes E. fl 
Let 
a==pl+p2+p3’, 
p = pIp2 $ p2p3 + p3pI , 
y = P,P,P, . 
The next lemma is proved by direct calculation. 
LEMMA 12. (1) The action of S, gg S4/V4 , Z3= Z4/V4, and 0 on Lv4 = 
k(P, , P2 , P3) [D, E, FJ is as follows: 
PI Pz P3 D E F 
s3t (121 P2 Pl P3 F E D 
P, P3 PI D E F 
z3{ ;:;;: Pz PI P3 D E F 
0 PI Pz P, F E D 
(2) a: = PI + P2 + P, = 
DF+4E+8 
D+F ’ 
fi = p$2 + p2p3 + P$I = E + 6, 
y = P,P,P, = D + F. 
314 EDWARD FORMANEK 
(3) L<s4ve> = k(D + F, DF, 23) = k(a, ,8, y) = k(p, , P2, PJ% g 
The determination of Ls4 = k(A,JS4 now separates into two cases, depending 
on whether or not k has characteristic 2. 
Case I. Char k # 2. Since char k # 2, Lemma 11(2) and Lemma 12(2) 
imply that 
Ly4 = k(P,,P,,P,)[D-F]. 
82 2 2 = ~plp,~~~42~ = l+ - +P3-2' ~ 
PI - 2 
Qs !$,," 2 2 = (pl 2) =1+pl-2+-. Pz - 2 
Then 
-Ql + Qz + Qs - 1 = 4(~, - 2)-l, 
Q1 - Qz + Qs - 1 = 4(~, - 2)-l, 
Q1 + Qz - Qs - 1 = 4(~, - 2)-l. 
Hence 
Let 
W’, > Pz 9 Pd = k(Q, 9 Qz , Qs). 
6 = Pl - w2 - w3 - 2) 
D-F 
Since (PIP2 - 4)(P,P, - 4)(p,P, - 4) = rz - +a + 16j3 - 64 = (D - F)2, 
QlQ2Q3 = t(pl _ 2j;;21;;p2 _ 2112 = s-"- 
Let 
Then 
R, = QIS, R, = Q28, R, = Q&S. 
Hence 
WI 9 R2 7 RJ = k(Ql> Q2 , Qd~sl = W’, , P2 , J’API 
= k(P, , P2, P3)[D - Fj = Lv4. 
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Lemma 12(l) h s ows that the action of S, on k(R, , A, , R3) is given by 
Let 
q-4) = R,(i) if uEA, 
= - R ok) if a$A3. 
a = R, + R, + R, , b = AIR, + RzR3 + R,R, , 
c = RIR,R, , d = (R, - R,)(R, - R3)(R3 - R,). 
Since 
k(A,)S4 = Ls4 = (L”“)‘” = k(R, , R, , RJsS, 
we can now apply Lemma 10. This yields 
THEOREM 13. Suppose char k # 2. Then 
k(AJs4 = k(b/a2, c/d, d/a”) 
is rational over k. 1 
Case II. Char k = 2. Here we consider Ls4 as a quadratic extension of 
L’s4*8’ = k(D + F, DF, E) = k(ol, ,8, y). 
Let 
Note that 
p = P12P2 t P2”P, t P,"Pl, 
7 = PIP22 + P2P32 + P3P12, 
g = Q-I-FT, 
h =Fp+ Dr. 
cL-t-i-=4+y, 
Lemma 12( 1) shows that g and h are fixed by S, and interchanged by 8. Hence 
LS4 = L'W' k, hl = k(a, P> y)k, hl. 
Further, 
g t h = (D + F>(P + 4 = ~(4 + Y) = @y + y2, 
gh = (D2 + F2) ,UT + DF(p2 + G) 
= r2(p3 + f& + 9) + v(olrB + y)2 
= pay” + c+” + y4 + a3py + cdy3. 
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a1 = 43 + a:y + Y 
P2 ’ 
G = A+&, 
H = h/at%, 
.z = /3”y + a3y2 + a”/42 + ffy2. 
We claim that 
This follows from the following calculations 
G + H + 1 = y/d, 
GH + (G + H + 1)2 = z/a2/12y, 
aI2 + G + H + 1 = ~/a/?~, 
This proves the claim, so 
+4,)s4 = Ls4 = k(a, 8, y)[g, h] = k[al, G, H-j, 
which we restate as 
THEOREM 14. Suppose char k = 2. Then 
k(A2)S4 = k(a, , G, H) 
is vational over k. 1 
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5. THE MAIN THEOREM 
Combining Theorems 1, 9, 13, and 14 gives our main result. 
THEOREM 15. Let k be a field, and let Xl ,,.., X, (m 2 2) be 4 x 4 generic 
matrices over k. Let D,, = k(X, ,..., X;,) be the generic division ring they generate, 
and let C,,, be its center. Then C,,, is a rational functionJield over k of transcendence 
degree 16(m - 1) + 1. 1 
It is possible to construct an explicit rationality base for C, over k in terms 
of invariants of matrices- traces, determinants, etc.-as follows. For m = 2, set 
Xl 
x1 = 
X2 
i i 
x3 
, 
x4 
x2 = (;?I 1:; ;:;j . 
Theorems 9, 13, and 14 yield an explicit rationality base for k(A)“4 over k. 
But elements of k(A)sa are quotients of invariants of elements of k[X, , X,]. 
For example 
Yll + Y22 + Y33 + Y44 Trace X2 
x1x2x3x4 = Det X, * 
(This identification is discussed more fully in [2]). 
For m > 2, a rationality base for C, over C, may be obtained as follows 
[5, p. 2551. Let Z, ,..., Z,, be a basis for D, over C, . Then the 16(m - 2) traces 
Trace(Z,Xj), 1 <i< 16,3 <j<m, 
form a rationality base for C, over C, . 
6. ADDITIONAL REMARKS 
In the light of this paper it is natural to ask what are the prospects for the 
rationality of the center of the generic division ring generated by n x n generic 
matrices, where n > 5. Of course, a positive result is not a negative one, and 
having an explicit rationality base for n < 4 may suggest one for n > 5, if one 
exists. 
But aside from this there is little cause for optimism. The proof for n = 4 
given here made heavy use of the solvability of S, or, equivalently, the solvability 
of the general quartic equation by radicals. In particular, the anomalous rank 3 
permutation module of S, played a significant role. 
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The proof given was based on the exact sequence of S,-modules 
of Lemma 5, which reduced the problem to showing that k(A#4 was rational 
over K, where A, was a certain S,-lattice of rank 3 over Z. This exact sequence 
has no apparent analog for n 3 5, but there is a different exact sequence con- 
taining A, which does. 
Recall that A, is the submodule of A generated by all monomials 
If u = <Ur ,..., u,J is the standard permutation module for S, , then 
defines a surjection rr: A, + U, and the exact sequence 
l-+Kera-+A,+U-+l 
has an analog for all 12. I believe that k(Ker T)~* is rational over K, but I could 
not prove it. This motivated the less natural approach I actually took. 
The S,-lattice ker rr has an interesting connection with Snider’s paper [q, which 
I will briefly describe. He showed that ifF is a field containing a primitive fourth- 
root of unity, then every 16-dimensional division algebra over F is similar in the 
Brauer group of F to a tensor product of cyclic algebras. He did this by showing 
that the center of a certain division algebra D, , the “generic crossed product 
over k with group Es x Ha ,” was rational over k. He remarked that the same 
conclusion about the Brauer group would also follow from the result of this 
paper. It should be noted that the generic division ring D and the generic 
crossed product Do are not isomorphic although specializations D --f D, and 
D, + D exist by virtue of suitable universal properties. 
In Snider’s paper he faced the same type of fixed field problem treated here, 
for the center of D, is the fixed field of G = Z, x Z, acting as a group of k- 
automorphisms of k(M), where M is a certain G-lattice of rank 5 over Z. It 
turns out that if one considers the S,-lattice Ker = as a V, E G-lattice by 
restriction to V, Q S, , then Ker r E M. This is probably a reflection of the 
fact that the generic division algebra D is a crossed product with group Z, x Z, . 
Finally, there is cause for pessimism about the general problem beyond my 
earlier remarks. I expected that if the center C of the generic division ring 
k(X, , X2) were rational over k, then the invariants of Xi-i.e., the coefficients 
of the characteristic polynomial of X,-could be taken as part of a rationality 
base for C over k. This happens for n x n generic matrices, n ,( 3. 
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But it is false for 4 x 4 generic matrices as the following argument, due to 
Robert Snider, shows. First, the statement that the invariants of X, can be 
taken as part of a rationality base for C over k translates in our set-up to: 
K(A)“4 is rational over K(P)ra, where 
P = (x1, x2, xs , x4) and A = A, @ P @Q is 
expressed as a direct sum of S,-lattices 
as in Section 3. 
(*I 
At this point the following theorem of Endo and Miyata [I] and Voskresenskii 
[8] is relevant. 
THEOREM 16 [3, (1.7), p. 3041. Let L be afield on which the$nitegroup G acts 
faithfully and suppose that M is a G-lattice. Then L(M)G is stably rational over LG 
~3 there exists an exact sequence of G-lattices 
l+M-+N,+N,+l c**> 
with NI and N2 permutation modules. 1 
(K is stably rational over L if K(z, ,..., z,) is rational over L for some r.) 
Taking G = S, , L = h(P), the theorem asserts that if (*) holds, then an 
exact sequence (**) exists with M = A, @Q. Snider shows that no such exact 
sequence exists and hence that the invariants of XI cannot be taken as part of 
a rationality base for C over lz. 
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